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The problem of the fully established slow translat ional  motion of a round drop (bubble) in 
a viscous liquid was solved by Adamar  and Rybchinskii [1, 2]. The resul ts  of experimental  
measurements  are  ra re ly  in agreement  with the Adamar -Rybch insk i i  formula.  This is con- 
nected with braking of the flow due to sur face-ac t ive  impuri t ies,  which a re  usually ra ther  
numerous in liquids. Nevertheless,  we shall consider  the problem of the not fully established 
motion of a drop in the s implest  case,  assuming that there are  no sur face-ac t ive  substances,  
The ar t ic le  d iscusses  problems of the vibrations and motions of a spherical  drop in av iscous  
liquid, with a rb i t r a ry  accelera t ions .  An analysis is made of a formula  for  the force  of r e s i s -  
tance of a drop of liquid with a high viscosity,  an elastoviscous drop, and a par t ic lewi th  "slip- 
ping-through."  

1. If the motions of a drop are  so slow that they can be limited by a l inear approximation, and the 
drop is so small  that a change in its form can be neglected [1, 2], then the flows inside and outside the 
drop a re  descr ibed by the following equations (we assume the liquids to be incompressible) :  

au ( I .  i) P 7 7 = - - V P + ~ q A u ,  v u ~ O ;  

here the liquid outside the drop is charac te r ized  by the density p and the viscosi ty  r/, and the tiquid inside 
the drop by p' and ~?' (the charac te r i s t i cs  of the inner region are  denoted by pr imes) .  

Assuming that the law of change in the velocity of the drop* U(t) is known, we shall seek the law of 
change in the force of the res is tance  F(t) acting on the drop. Here the liquid far  f rom the drop is assumed 
to be motionless .  Using the l inear i ty  of the problem, and a Four ier  t r ans fo rm with respect  to the t ime 

](r,o))= ~/(r, t) e~td t ,  w e  f i rs t  go over  to the s impler  problem of the res is tance encountered by a drop whose 
- - o o  

velocity varies  harmonically,  and then re turn to the general  problem, using an inverse Four ie r  t ransform,  

./(r, t) = ~ / (r, (o) e -i~t do). (1.2) 
- - c o  

For the complex amplitudes of the p r e s s u r e s  p (r, r and p' (r, co) and velocit ies u(r, co) and u' (r, co) 
ar is ing outside and inside a drop whose velocity var ies  according to the law U(co)e -iwt, f rom Eqs. (1.1) it 
follows that 

--/r (o)- - -vp(r  , o))+~lAu(r , (o), V u(r, ~0)=0. (1.3) 

Analogous equations are  obtained for  the charac te r i s t i cs  of the inner region (with a complete analogy, the 
relat ionships for  them are  not writ ten separately  below). 

�9 Since the solutions for  u and p can depend only on the vectors  r, U(co), l inearly on U, their  general  
fo rm will then be 

*Thanks to the l ineari ty of the problem and the spherical  nature of the drop, the t ranslat ional  and ro ta -  
tional motions of the drop can always be considered separate ly .  In what follows, only the t ranslat ional  
motion is analyzed. 
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p (r, 03)=p0-FnU%(r), r~lrl; 

,1 (r ,  03) - n (nU)%(r) + m%(r), m - -  U - -  n(nU). (1.4) 

The c o n v e n i e n c e  of an  e x p a n s i o n  in t e r m s  of  the  a b o v e  f o r m  is  c o n n e c t e d  wi th  the  p r o p e r t y  o f o r t h o g o n a l i t y  
r i m : 0 .  Subs t i t u t i ng  t h e s e  e x p r e s s i o n s  into Eqs .  (1.3), we  find 

dq.1 ~ 2 
o~ ,- ( % - - % )  = 0 ;  

o (~IA ~- i03P)[r Oth ) (1.5) 
0--'7 \ Or @ 3q)1  =-= 0 ;  

fro / r = i03pt~o_ -~ 1] [~L v" -4. ~r 0%Or ~- 72 (% __ q~..)]. 

We obta in  the  g e n e r a l  so lu t i on  of the  s e c o n d  equa t ion  of s y s t e m  (1.5): 

~ l = c o q - c l T t c 2  z,--~ e q-c3 ~-3~5--3 e , Z , = ( t - - i )  i /  = c o n s t .  

From the condi t ion of the boundedness of the solut ion w i th  r = 0 i t  fo l lows that  c~ = 0, c 2 = 03; there fo re ,  

the  flow of l iqu id  i n s i d e  the  d rop  i s  r e p r e s e n t e ~ l  by the  equa t ions  

~, (~.'r) 
ell(r) = a l +  a z - ) ~  ; ? ( x ) ~ x c h x - - s h x .  (1.6) 

The  cond i t i on  of i m m o b i l i t y  of the  l iqu id  f a r  f r o m  the  d rop  l e a d s  to c0=c3= 0, so  tha t  ou t s ide  t he  d rop  

51 b I § ~.r - z ,  (1.7) q : l ( " ) = y +  2 ~ e  �9 

F r o m  the  f i r s t  equa t ion  of s y s t e m  (1.5) and r e l a t i o n s h i p s  (1.6), (1.7) i t  fol lows tha t  

: sh ~.'r .~_ e--;,r 
2~F.~ (r) -I- q;l (r) = 3a I T a ~ - - .  2(F2 (r) q:l (r) = - -  b~ - (1.8) 

r ~ ~ r " 

In t u r n ,  t h e s e  f o r m u l a s  p e r m i t  f ind ing  the  v a l u e s  f r o m  the  t h i r d  equa t ion  of s y s t e m  (1.5), 

i (0p 
qo (r) = i03prai; % (r) = - -  _o7, bl. (1.9) 

Thus ,  s o l u t i o n s  a r e  found wi th  an  a c c u r a c y  up to the  fou r  u n d e t e r m i n e d  c o e f f i c i e n t s  a 1, a2, b~, b 2, 
which  a r e  found f r o m  the  b o u n d a r y  cond i t i ons  at  the  s p h e r i c a l  s u r f a c e  of the  d rop  (we n e g l e c t  i t s  d e f o r m a -  

t ion) .  

The cond i t ions  of the  equa l i t y  of  the  n o r m a l  and t a n g e n t i a l  c o m p o n e n t s  of the  v e l o c i t y  of the  s u r f a c e  
of the  d rop  g ive  (a i s  t he  r a d i u s  of the  d rop)  

r ( a ) =  ~x (a) = 1; r;2 ( a ) =  % (a). (1.10) 

As  a fou r th  cond i t i on  we u s e  the  e q u a l i t y  of  the  t a n g e n t i a l  f o r c e s  (under  t h e s e  c i r c u m s t a n c e s  the  n o r m a l  
f o r c e s  a r e  not  equal  and the  d e f o r m a t i o n  of t he  d rop  i s  not  t a k e n  into c o n s i d e r a t i o n  he re ) .  Solu t ions  of the  
f o r m  (1.4) c o r r e s p o n d  to the  g e n e r a l  f o r m u l a  f o r  the  s t r e s s e s  

[~r q, [ , )%,  ~~  (1.11) ~;~ = 5;j [ - -  Po--(2rl q l :  q~. qo) nU] ~_ ,zinj2rl \ ~  r %)nU (n~,nj + njn,~)~l/-~- r ~ ,. j, 

which,  u s ing  the  f i r s t  equa t ion  of  s y s t e m  (1.5), p e r m i t s  w r i t i n g  the  cond i t ion  fo r  the  e q u a l i t y  of the  s h e a r  
s t r e s s e s  on both  s i d e s  of  the  s u r f a c e  in the  f o r m  

~ ') ' - -  1 2 q e  - -  'F ; ) I  . . . . .  ( 1 . 1 2 )  
(IF 

Subs t i t u t ing  the  s o l u t i o n s  into cond i t i o ns  (1.10), (1.12), we ob ta in  

a~ = --:hl (1 -~ ~.a) (1.13) 
c ~l(3-L'Aa) 6 (L 'a ) -~q ' [y (>~ 'a) - -2"~( '~ 'a )} ;  

al = 1 - -  az y (;-'a) 6 (x) -~- sh x - -  '~7 (~),.~r (1.14) a (~ . ' a )  2 ' 

~ ):~-c,~ -- 3~a 3 , I § ),a ~_~ 6 ():'a). (1.15) 
~'-0 e -;'~ --=- 3 --  a~, (5 ft.'a); - -  = ~,-~a~ 23~-' a r :2 3 

To find the  c o m p l e x  a m p l i t u d e  of the  f o r c e  of the  r e s i s t a n c e  a c t i n g  on a v i b r a t i n g  d rop ,  we m u s t  i n t e -  
g r a t e  the  s t r e s s  f r o m  (1.11) o v e r  i t s  s u r f a c e .  F o r  a s p h e r i c a l  d rop ,  t h i s  o p e r a t i o n  r e d u c e s  to  an e a s i l y  
p e r f o r m e d  a v e r a g i n g  o v e r  the  d i r e c t i o n s  
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= = , ] 

The l a t t e r  e x p r e s s i o n  i s  s i m p l i f i e d  us ing  (1.7)-(1.9) ,  

F ,  = - z. an - ( t  + xa)  e u ,  (1.16) 

In the  p a r t i a l  c a s e  of a r i g i d  s p h e r e  (~'>>1), in a c c o r d a n c e  wi th  (1.13), (1.15), b2 e - ~ a  = - 3 a  and the  
f o r m u l a  f o r  the  f o r c e  a s s u m e s  a w e l l - k n o w n  f o r m  [2]. In the  c a s e  of s t e a d y - s t a t e  mot ion ,  (~0, A, X' ~ 0 ) -  
b 2 = a [ ( 2 ~ + 3 ~ f ) / ( V  +V')] and f o r m u l a  (1.16) goes  o v e r  to  the  A d a m a r - R y b c h i n s k i i  f o r m u l a .  

Le t  us  c o n s i d e r  the  s i m p l i f i c a t i o n s  a r i s i n g  wi th  v i b r a t i o n s  of low f r e q u e n c y  w<< ~ ' / ( p ' a 2 ) .  With such  
f r e q u e n c i e s ,  i t  i s  su f f i c i en t  to  l e a v e  only a few t e r m s  in the  e x p a n s i o n s :  

G ] x 2h@3 , ~  ] x 2h+3 

y(x) = .~  2k-+3(2k~-l)! , 5 ( x ) =  ' ~ (2k+5)(2k-73) (2k+t)!  " 
h = 0  h = 0  

Then f r o m  r e l a t i o n s h i p s  (1.13)-(1.15) we ob t a in  

b__ ~- e_~a ~ ,  2q @ 3~' ~Pi' (i + ~,a) (~,'a) ~- , 
- -  a ~ ~l~-q'-~-~'all/3 -~- (q--~t'+~.aq/3) 2 2i -1- . . .  

We no te  tha t  the  s m a l l n e s s  of I k ' a l  s t i l l  does  not  m e a n  the  s m a l l n e s s  of I k a l .  Wi th  f f#>>~/p ,  i . e . ,  f o r  a 
l i qu id  which  i s  v e r y  v i s c o u s  in c o m p a r i s o n  wi th  the  s u r r o u n d i n g  l iqu id ,  wi th in  the  f r a m e w o r k  of the  a p p r o x -  
i m a t i o n  u n d e r  c o n s i d e r a t i o n ,  (0 >> h/(Fa~). D i s c a r d i n g  a l l  t e r m s  wi th  M, fo r  the  a m p l i t u d e  of the  r e s i s t a n c e  
f o r c e  we ob ta in  t he  s i m p l e  f o r m u l a  

F i ( c o ) = - - 2 ~ a [  ~(opa~ , ~ ( 2 q §  . . . .  
- -  3 -r- q - ~ +  ~-+-~.E~lfl3 junto) ) .  (1.17) 

2. To d e t e r m i n e  the  law of change  of  the  r e s i s t a n c e  f o r c e  F(~) wi th  an a r b i t r a r y  change  in t h e v e l o c i ~ y  
of the  d rop  U(t), a s u m m a t i o n  of the  t ype  (1.2) m u s t  be  c a r r i e d  out in (1.16) o v e r  a l l  f r e q u e n c i e s . ,  A f t e r  
t h i s ,  t he  g e n e r a l  f o r m u l a  a s s u m e s  the  f o r m  

F ( t )  - -  - -  ~ pa  "G/  - -  ~ a ~ l  ~ U ( t )  - -  2.~a~l 

with  the  m e m o r y  funct ion 

( [ 1 -[- ~.,,. _~,, 2,1 + 3,1" K (t) 2~q_ \-x~-.,~ o ~ e j  -F n + , l "  

t 
dU j' K ( t - -  t ') j u d t '  

_ _ o o  

i2 ) e-~r162176 (2.1) 

Le t  us f ind the  e x p l i c i t  f o r m  of K(t) wi th  l a r g e  t i m e s .  S ince ,  in the  f r e q u e n c y  e x p a n s i o n  (2.1) wi th  
l a r g e  v a l u e s  of t t he  p r i n c i p a l  c o n t r i b u t i o n  is  m a d e  by  s m a l l  f r e q u e n c i e s ,  with t >> a 2 p ' / ~  ' ,  t e r m s  with  )t 'a 
can  g e n e r a l l y  b e  o m i t t e d  f r o m  the  e x p r e s s i o n  f o r  b 2. By the  s a m e  token,  the  p r o b l e m  r e d u c e s  to  the  a p -  
p l i c a t i o n  of an i n v e r s e  F o u r i e r  t r a n s f o r m  in (1.17), 

e"~  
K (t) ~_, ~ ~ (11 + ~]' -~ ~a'q/3) do = ae r Erf VT,  

--oo 
(2.2) 

~ (2q + 3~1')~ T - 9(q 4- q')"- t. 
q 01 + ~1") ' P~ a~ 

In the  f ina l  s t a g e  of the  a c c e l e r a t i o n  of a d rop  (with T>> 1), an a s y m p t o t i c  e x p a n s i o n  of the  p r o b a b i l i t y  i n t e -  
g r a l  of t he  e r r o r s  p e r m i t s  w r i t i n g  

a p /~1 , K (t)  ~ ~ + . . . .  t >> a~p/n, ~- ' ' 

and the  f o r m u l a  f o r  the  r e s i s t a n c e  f o r c e  of a d rop  a s s u m e s  a f o r m  ana logous  to  the  f o r m u l a  for  t he  r e s i s -  
t a n c e  of a so l id  s p h e r e  [2]. 

In a d e s c r i p t i o n  of the  B r o w n i a n  m o v e m e n t  of p a r t i c l e s ,  t o g e t h e r  wi th  the  cond i t i ons  f o r  the  a d h e s i o n  
of the  l iqu id  on the  s u r f a c e  of the  p a r t i c l e s ,  cond i t i ons  f o r  s l i p p i n g - t h r o u g h  a r e  a l s o  t a k e n  into accoun t .  
The l a t t e r  c o r r e s p o n d s  to  a d e g e n e r a t e  c a s e  of the  p r o b l e m  u n d e r  c o n s i d e r a t i o n  with  V' = 0. The  b o u n d a r y  
cond i t ions  of the  a b s e n c e  of t a n g e n t i a l  f o r c e s  a t  the  s u r f a c e  of a s p h e r i c a l  p a r t i c l e ,  and of p e n e t r a t i o n  of 
l iqu id  t h r o u g h  i t s  s u r f a c e  
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0 
0-7 (2r - -  %)tr=. = 0, r (a) = t 

lead  to a s imp le  e x p r e s s i o n  fo r  b2: 

b~2 e--~a ~ 6 
a 3 ~ ~.a' 

Under  t he se  c i r c u m s t a n c e s ,  fo r  the ampl i tude  of the f o r c e  and the m e m o r y  function we find the ex-  
p r e s s i o n s  

l - ~ a  

These  f o r m u l a s  fol low a lso  f r o m  {1.17), (2.2), with ~?' =0 but, in d is t inc t ion  f r o m  them,  a r e  f o r m a l l y  
sui table  with any a r b i t r a r y  f r equenc ie s  and t i m e s .  

Let  us now ana lyze  the behav io r  of a drop of an e l a s tov i s cous  liquid in the final s t age  of its a c c e l e r a -  
t ion in a v i s cous  liquid (t >> a2p/~?, a2p'/l V'i}. The t r ans i t i on  f r o m  the v ib ra t ions  of a d rop  of a v i s c o u s  l iq-  
uid with the v i s c o s i t y  coef f ic ien t  ~7' to the v ib ra t ions  of a d rop  of  an e l a s t o v i s c o u s  liquid r e d u c e s ,  in a l in-  
e a r  app rox ima t ion ,  to the r e p l a c e m e n t  of the coef f ic ien t  ~?' by the f r e q u e n c y  function ~?~-(oJ). In a liquid 
with one re  laxat ion t ime  V h- (w) = ~?'/(1 - i 0 r 

Neglect ing f o r  the sake  of s impl i c i ty  all t e r m s  with X'a and • ,  we obtain 

2q -[- 3~1~_ (co) U (co). 
F (co) ~ - -  2~a~l ~l + ~1+ (~) 

In the c a s e  of a l iquid with one re l axa t ion  t ime ,  an i n v e r s e  F o u r i e r  t r a n s f o r m  gives  

dU - , F( t )~--2~a~12*l- t -3~ 0 U(t)---2~all  S K(t--t')d-~dt; 

( )  no t 

K ( t ) = - -  no , e -  ~+-~-r,  n0--~l~-(0). 
~l -I- ~1o 

Thus,  the c h a r a c t e r i s t i c  m e m o r y  t ime  of a drop is found to be 1 +~?'0/~? l e s s  than the re laxa t ion  t ime  
of the liquid of which it is  m a d e  up. 

lo 

2. 
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